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Abstract

We prove in the present paper some new direct and inverse results on pointwise simultaneous
approximation by combinations of Bernstein operators by uajF(gf, 1), Wherewzi(f, t) is the

Ditzian—Totik modulus of smoothness. We also give an equivalent relation on pointwise approximation
by these operators usim@iﬁ(f, tywhen0<A<1—1/r.
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1. Introduction

For Bernstein operators an[0, 1] defined by

- k
Bi(fx)=)_ f (;) Puk(x),  pi(x) = (Z)xk(l —0"h
k=0
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Ditzian [4] gave the following interesting direct estimate:
| Ba(fox) = f(0) | <Ca?, (£ 21 @), xe[0.1], (1)

where 0< A< 1, ¢(x) = (x(1— x))/2, and the 2th Ditzian-Totik modulus of smoothness
is

2r 2r
o (fit)= sup sup [AY | f(x) ],
¢ O<h<iO<x<l '™

in which Atzrf(x) = Zf’zo(—l)f (2;) flx + (r — jHt) whenrt<x<1l — rt and

A,Z’ f(x) =0, otherwise.

The inequality (1) unified the classical estimate= 0) and the norm estimate developed
by Ditzian and TotikA = 1). It follows from[3,11] that the inverse result to (1) is true (see
also Theorem A with- = 1). Such results for polynomial approximation were previously
investigated in [5,6].

Since Bernstein operators cannot be used in the investigation of higher orders of smooth-
ness, Butzer [1] introduced combinations of Bernstein operators. Ditzian and Totik
[7, p. 116] (see also [2, p. 278]) extended this method and defined the combinations as

r—1
Bu(f,r,x) =Y Ci(n)By, (f, %),
i=0
wheren; andC; (n) satisfy the following conditions:
r—1
@n=no<---<n_1<An; (b)) ) | Cin) | <C:
i=0

r—1 r—1
© > Cm=1 (> Cn"=0p=12...r-1 2)
i=0 i=0

Concerning with the pointwise approximation by combinations of Bernstein operators,
Zhou[12] obtained direct and inverse results for these operators by usimthtbiassical
modulus of smoothness in 1995. Moreover, Guo et al. [8]in 2000 and the author [10] in 1999
proved another direct and inverse results for these operators by usinghtitzian—Totik
modulus of smoothness. The main result of Guo et al. [8] or Xie and Xie [10] is

Theorem A. Letr e N, 1— A<land0 < o < 2r. Then for all f € C[0, 1] we have

<
B,(f,r,x)— f(x)=0 ((n_l/z(pl_i(x)Y) asn — 0o
& w(zp’;y(f, 1 = 0 (1) ast — +0. (3)

Moreover,if r >2and0<A < 1 — % (3) does not hold.

We note that in the case @f= 1 the above result can also be founde{lii
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Inthis paper, we investigate the relation between the rate of convergence for the derivatives
of combinations of Bernstein operators and the smoothness for the derivatives of functions.
Thus, we prove new direct and inverse results on pointwise simultaneous approximation by
those combinations of Bernstein operators. Our main result can be stated as

Theorem 1. Letr,s € N,0</ i<lands < o < s + 227’/ Then for all ) e C[0, 1]

0= (1) - O = 0 ((nl/zé,%‘im)“_s) asn — 0o
n:
& o2, (f(s)’ ’) =0 (1"7") ast — +0, @

whered, (x) = @(x) +n~1/2,

Remark. The example of the end of Section 2 shows that Theorem 1 does not hold when
o> 5 + 52, while foro = 5 + 52 (4) remains open.

We note that (3) does nothold whep:2 and 0< 4 < 1— % Naturally, it is interesting to
know what happens to the relation between the rate of convergence for these combinations of
Bernstein operators and the smoothness of functions#and 0< A < 1— % Inthis paper,
we also consider this problem and obtain an equivalent result on pointwise approximation
by these operators usim@zﬁ(f, t)ywhenr>2and <A < 1— %

Throughout this pape@ denotes a positive constant independent afidx, which may
be a different constant in different cases. The organization of the paper is as follows: in
Section 2, we first provide a direct result (see Theorem 2). Using this theorem, we are
able to prove the implicatiorm= in Theorem 1. Section 3 deals with the inverse result (see
Theorem 3). Theorem 3 is actually stronger than the implicatiom Theorem 1.

2. Direct result

In this section we give a direct result which is of its own significance. Using this result,
we can prove the implicatios= in Theorem 1. We state our direct result as follows:

Theorem 2. Letr,s € N,0<A<land/ =max{j :ri—2r + j<0, j<2r — 1}. Then
forall £ e C[0,1],andn € N withn> M, we have

%'—Sﬂ BO(fr ) — 19(x)
J .
<C (Z o <f<s)7 (n—r(pz(i—r) (x)>l/ ) n 603/: <f<s)’ n—l/2(p1—}.(x)>
Al CON WA ) )

where M is a positive constant amd ( £, ) is the ith classical modulus of smoothness.
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To prove Theorem 2 we should use tkiefunctionals given by

Ko (2 =0t {1l £ = g Il 7 11 07 *6® Jloo: ¢ € A.C toc)
and
Kif )y =inf {Il £ =g I+ 1 8 lloe: 8™ € A.Cuc)

where|| - |loo=|| - llz.0.1]- Following Ditzian and Toti{7, p. 11], there exist constants
C > 0 andrg > 0, such that for O< ¢ < 1g,

C Koy i (f ") SO (fi) S CKoy i (f.17) (6)
and
CKi(f, ) <o (f, 1) SCKi(f. 19). @)

We need also the following expressions of derivativeB,pfiven by simple calculations
(see e.g[7, p. 125)):

(S) B n' n—S'/
B0 = (n—s)!]; 0

1/n 1/n

0

N -
f(é) (;"‘Zut) duy - ‘duspn—s,k(x),
i=1

wheref®) e C[0, 1]. For the sake of convenience, we introduce the auxiliary operators for
n>s,s € Nandg € C[0, 1]

'”_S 1/n 1/n k s
Bus(g,x) =n' Z/O /0 g~ D wi | dureduspus k()
k=0 i=1

and the combinations of these operators

r—1

By s(g.7.x) =Y Ci(n)By, s(3. %),
i=0

wheren; andC;(n) satisfy (2). ObviouslyB, (g, x) and B, s(g, r, x) are also linear and
bounded operators ofi[0, 1], andB,, s(1, r, x) = 1. Moreover, for f) e C[0, 1] there
holds

§ — |
Bus (f(s)’x) _n (n ' s)! B,ES)(f, x) and
n!

S(n — $)!
Bus (1O rx) = T B0 ),
n.
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By a simple computation and introduction, we have the following:

Lemma 2.1. If s,/ € N andn >s, then

1
2 / 2[4]-2m
Coa) - _ syl o™
Bn,s ((l x), )C) B ZO Qm,l(x) (1 n) l—[%]+m , (8)
m= n
whereg,, ;(x) are fixed polynomials in xyhich do not depend on n.
Using (8) and (2)(d), we obtain immediately the following:
Lemma 2.2. Letr, s,] € N andn >s. Then there hold
(@) By.s ((t —x)Lr x) =0forr>21=1,...,r—1andx € [0, 1], 9)
() | Bys((t —x)",r,x) | <Min~" forx € [0, 1], (10)
(©) | Bus ((r — b, x) | <Mon~" 22 () forl=r+1,...,2
1 1
andx € E, = [—,1——}, (11)
n n
(d) | Bus((t —x)%,x) | <Man~" ¢ (x) for x € E,, and (12)
) 1 1
(@) | Bus((t = 1)? . x) | <Man~? for x € E; = [0, —) U <1— =, 1] . (19
n n
whereM; (i = 1,2, 3,4) is a positive constant independent of n and x.
Using the same approach ag®) p. 111] one can easily obtain
Lemma2.3.1fr e N,r>2,% < i<land f@ Y € A.Cjoc. then form < ri
|2 @ e <O (I F 1+ 10 P o). (14)

To prove Theorem 2 we need also

Lemma 2.4. Letr,s € N, 0<A<landJ =max{j : rA—2r + j <0, j<2r — 1}. Then
for f&-D e A.Cjoc andx € E,, we have

I 4 1/i
| Bus(for) = f0) | < C <Z o (f, (0?0 ) )

i=r

+n D) (I £ 1+ 1 @@ ||oo)> L)

J/r
wheren > max{ <2JM21/’) .S }
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Proof. We should construct a new operatoy( f, x) that satisfiest, ((r — x)/, x) = 0 for
Jj=1,...,Jbyadding operators t8, ;(f, r, x). For n>s andr <i < J, we define

_'_J; (Sgan i(-x)) &l‘.Rn l.(x)|l/if(X) for 0<x %
Tn,i (f7 x) =
(Gally i 1) (sgan i(x)) AL LR, i f) for 3 <x<1,

whereR,, ; (x) = B,s((t —x)', 7, x),andﬁﬁf(x) Zk o(— 1)"( )f(x+(t —k)t) for

0<x<1—ir andﬁif(x) = 0 otherwise. Using (3.2.3) and (2.1.4)[if], one can easily
show that

| Tas(f2) | SCof (1] Rusr) 1Y) (16)
N
and forn > <2]M1/ )
0, Jj<i,
T (=07, x) = § =Rui(x), j=i (17)

Ci,j (SUNRi (x)) | Rui(x) V1, j >,

whereC; ; is a constant that dependsicandj but not omn andx. Basing on the second line
in (17), we can add the operator defined abovtq(f, r, x) to eliminate the moment
Ry.i(x). However, fori < j<J,

T (=), x) = Cij (SR (1)) | Ri(0) 17/

To eliminate the ternT,, ; ((+ — x)/, x) for j = ji > i, we add the operator
—Cij
Tnij(fsx) = ! (Sgan l(-x)) A|R (x)\l/lf(x)

(and a similar version foizl < x<1). Obviously, forj; < j<J we still haveT,, ; ;, ((r —
x)7,x) = Ci j1,j (SINR,;(x)) | Ry,i(x) /1, which we eliminate by adding, ;. ;, ;,(f, x)
for j = jo > j1 given in a similar way. In general we should defifig; j, .., (f, x) by
induction. We have
T jrveiea (0 = )%, 2) = Cijy e (SGNR; (6)) | R i () ]
and fori < j1 < --- < jix <J we define
—Cij....,
I’ll]l ]k(f x) = T (Sgant(x)) A|Rn,(x)\1/lf(x)

together with an appropriate modification %)r< x < 1. Hence, we still have

| Tt e (2 ¥) | SCOMCE | Rui0) DS Cl (£] R0 M) (28)
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J/r
and forn > (2JM§/’)

0, J<Jks
T e (=07 x) = 4 =Cijy.o i (SONRI () IRn i OV, =i, (29)
Cijrreicni (SIMRi (0)) | Rui O/ j> e

Now we define the new operator

J
An(f.2) = Bus(foro0) + )1 Tui(fox) + Y T (0L,

i=r r<i<ji<e<jr<J

where the second sum is taken on all finite sequepges. , ji, for whichi < j1 <--- <
Je<J.

Obviously, A, (f, x) is a linear and bounded operator 610, 1], andA, (1, x) = 1.
Using (9), (17) and (19), we have, for=1, ..., J, A,((t —x)/, x) = 0. Using (10), (11),
(17) and (19), we have, fogr =J +1,...,2r — 1,

J
| An ((t - x)’}x) |<C <n’<p21 )+ Y| Rui(x) |f/f)

J .
. Jjli
<C (nr(pZJ () + Z (nfr(pzlfzr(x» )
< Cnfrq)zjfzr (x). (20)

Using Taylor expansion, we can write that
2r—1

1 . .
Ap(f,x)— f(x)= Z TA"((I _ x)],x)f(j)(x)
j=i+17
(2r — 1! (/ (t —w)? @ () du, x)
=+ I 1)

Forr = 1or0<2<t,J = 2r — 1. Thenthere is nat in (21). Forr >2 and? < 2<1,
we conclude from (20) and (14)
2r—1

1< C Y n" o 2@ | fP) |

j=J+1

<Cn 0 (If 1+ 1 0% F @ o) - (22)
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To estimatel, for 0< A< 1, we use (2.8) iff8, p. 112] and (12) to obtain
13
Bu.s ( / (t —w? @ wydu,r, x)

r—1

< 2ri ¢(2r) (t — X)Zr

< ;0 LG 0™ F & oo Bus ( ~ 57 50

<Cn " A @) || 9?7 P oo -
By (2.8) in [8, p. 112], (10) and (11), we get

t .
To.i ( f (¢ = w1 w) du, x) < Co 2 | Rui@) P11 924 1P oo
X
<Cn I | 7 FP) o

Similarly, we have

Tovs o i ( / = 0P L) ) du, x)‘ <Cn @ ) || 0 P oo
g
Therefore, we obtain the following:
| I | <Cn"? D) || 24 @) || (23)
Combining (21)—(23), we obtain
| An(fo0) = £ | <Cn g P00 (I 1+ 1 0% 7@ s

Hence, using (16), (18), (10) and (11), we conclude finally

J
|Bos (for, ) = fO) | < TARLX) = fO) T+ 3 I Ti(fi0) |

i=r

+ > | Tijpoi (2 ) |

r<i<ji<ee<jr<J

oo . 1/i
<C (Z w' <f, (n"wz”‘”(x)) )

i=r
+n oA (I £ 1+ 1l @ ||oo)) :
The proof of Lemma 2.4 is now completeld

Proof of Theorem 2. Forx € E,, we choosg, = g, .., (see (6)) such that
. 2r
1 =g I+ (17261 @) " 1 0% 8 oo

<2C0?, (f @) p=1/2p1=4 (x)) . (24)
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_— J/
From the definition 0B, ; and (15), we have for > max{ (2JM21/r> ' , s}

n*(n —s)

LB rx) — FO ()

n!

SC I f9 —gu |+ | Bus (gn, 7, %) — gn(x) |

J .
. i 1/ ,
<c (Z o (gn, (n7o* ) )+ | £ — gl

i=r

#1072 D) (I o |+ 1) 0?82 ||oo))

J .
. . 1/
<C (Z ' (f(s)’ (n—r(pZ(z—r)(x)) l) + |l f(S) —gan |l
i=r

+1 79 D) | 9% 8P Nloo A9 A () | £ ) ,

which, together with (24), yields (5) for € E,,.
It remains to prove (5) fox € E;. By (7) we haveg, satisfying

1 £ =gl +n7" 18 lloo <20 (£©n7t). (25)

Using Taylor expansion, (9), (13), and Cauchy—Schwartz inequality, we obtain

t
By </ (t — u)r_lg,(l’)(u) du, r, x)‘

|Bn,s &n. 1 x) —gn(x) | =

r—1)!
r—1
<Cllg! lloo Y 1 Cin) | Bus (It —x I, x)
i=0

<Cn 8 oo -

Thus, it follows from (25) that

O B0 (f )~ 1)

<C(I O =gl +n7 18 ll)

< Co’ (f(”,n_1>,

which implies (5) forx € Ef. The proof of Theorem 2 is complete[d
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To prove the implicatior= in Theorem 1 we need the following.

Lemma 2.5. If r € N, 0</i<1land0 < § < 52, thenwi’;(f, =0 (tﬁ) ast — +0
implies

o' (fit)=0 (t/f(l‘w’) ast — 40 fori=r,...,2r (26)
Proof. Firstleti = 2r. Hence, it follows from (3.1.5) iffi7] that
2r 2r 1-4/2 Bd—-2/2)
o™ (i< Cal; (f,t )gCt .

Assuming that (26) is valid for = j + 1, ..., 2r, we may use the Marchaud inequality
(se€7, (4.3.1)]) to obtain foi = j

. ) c ., j+1
ol (f,1) < C1 (/ G Gty s II>
p uitl
<crl /° WPA=22=i=L gy 4 1l || F 1| <CrPA—HD),
t

From these, (26) follows by induction. The proof of Lemma 2.5 is complefé.

Proof of the implication < in Theorem 1. We use simply (5) and (26) to have
n*(n —s)!

n!

J .
. (a—s)(1—=A/2)/i . o—s

i=r

BY (f,r,x) — fO )

N o—s
<c(n i)
which verifies the implicatior= in Theorem 1. O

At the end of this section we show that the implicatien in (4) does not hold for

o> s+ 5. Infact, for f(x) = (rﬂ)—+(r+1) using Taylor expansion, (9) and (8), we have
forx = %
WBS)@ nx) = FOW|= | Buy (77 x) = x" |
= | By, (t —x)",x) | =Cn".
Howeverw L (f@,1) =0.Letx = 1, then

(nfl/Z 512 (x))“ <20y =AADE=S) — ¢ (5" |

which shows that the left-hand equality in (4) does not holdxfer s + 2%
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3. Inverse result

In this section we establish an inverse theorem, which is stronger than the implieation
in Theorem 1. This inverse theorem is

Theorem 3. Letr,s € N,0<A<lands < o < s + 2r. Thenforall f® e C[0, 1]

ns(n —s)

| 5 o—s
— B (fir,x) = [P =0 ((n—l/za,}—ﬂ(x))“ ) asn — oo
n.
impIiescoi’,,~ (f®,1) =0 (t*) ast — +0.

To prove Theorem 3 we need the following two lemmas. Since the proof of Lemma 3.1
is quite technical, we should give a complete proof for readers’ convenience.

Lemma3.1.If r,s € N,0<A<lands < « < s + 2r, then forn >2r 4+ s + 1, we have
| 2D BEI () oo <Cn” || SPVEV f o, f € CIO, 1], (27)
and

2, —s)(A—1 2,
| 62 F=OU=DBE (£) o
<C | $ZFO0D @y 0 @D ¢ ACec. (28)

Proof. Forn>2r +s + 1andf € C[0, 1], let

) 1/n 1/nf ZY: J J [01 S]
F(x):n‘/ / X+ Uj uy---dug, x € 10,1 ——1.
0 0 i-1 "

We notice

Bn,x(f»x) = Z F (n;S : nfs>pn—s,k(x) = B, (F (n ;st) 1x> .

k=0

Hence, following[7, pp. 125-128] we have

@) n—s) "Z o n—s k
B (f.x) = " —2r 5! Y Ay F ( P S) Prn—2r—s,k(X),
© k=0

(29)

2r .
~2r n—s k Z (2 n—s k+2r—j
Al/("S)F< n 'n—s>= (_l)]<j>F< n on—s )

Jj=0

2r .

. k4 2r —
~S 1y <2f> F <¥>

: J n

j=0
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and
2r

Br(;,zsr)(ff x) = €074r(x) Z Qi(x,n—s)(n— s)i

i=0

— n—s k k i
X E F( : > ( - x> pn—s,k(x)’ (30)
=0 n n—s n—s

whereQ; (x, n—s) isapolynomial inn —s)x (1—x) of degred (2r —i) /2] with nonconstant
bounded coefficients. Therefore,

. r+(i/2)
[0~ () Qi(x,n—5)(n =)' | <C (np™2(x))

1 1
forx e E,,_; =[ ,1-— } (31)
n—s n—s

For the sake of convenience, denote (x—s)(1— ). To prove (27), letf € C[O, 1].
Forx e Ef_, = [O, = S) (1 - ﬂ, 1], we use (29) and Holder inequality to have

—2r—s 2
(2r) < o 57" n— s 2r 2 R 1/n N 1/n 51
<o s Y Y (2 ) [ [

k=0 j=0

k+2r —
X < J Zul) duy - duspn—Zr—s,k(x)

, n—2r—s 2r 1/n 1/n2r
IS YD Y on f / 3
k=0 ;=0 0
<k+2r—j o
x [ ——+
" i=1

v/2r
duy--- duspn—Zr—s,k(x)) .

Clearly

k+2r+s—j k C
A ()
n n—2r—s n

2
q)2<’]i)—(p(x)+(1 Zx)(k—x> <§—x>. (32)

Using the above two inequalities, we conclude by the formula of polynomial, Cauchy—
Schwartz inequality, (9.5.10) i{i7] and the facp?(x) < ﬂ that

n—2r—s 2r 1/n 1/n k4 2r —
DI f / ( rorz +Z i) dus -~ dug py—pr—s 1 (x)

k=0 j=0 i=1

n—2r—s 2r r
Z Z ( (k +—2r o J) + ;) Pn—2r—s,k(X)

k=0 j=0

and



L. Xie / Journal of Approximation Theory 137 (2005) 1-21 13

n—2r—s k 1
< 27‘ - _ _or—s
<C ) <</) (n—2r—s>+n’>pn 2r—s.k(X)
5 k
<C )+ L-2) —F— —x
= n—2r—s
( ) ) + _> Pn72r7s,k(x)<cn_r
n—2r—s n’

Thus, by the inequality? (x) <22 max{¢? (x), n~"}, we get forx € ES_,

ST () | BE(fox) | < Cn P50 f |

n i YZZV /1/}1 /l/n 5
% >
k=0 j=0 0
k4 2r — i s
xmax{gozr (u + Zu,) ,n_r}
n :
i=1
v/2r
x duy-- 'duspn—Zr—s,k(x) <Cn' | 6;Vf Il -

Forx € E,_;, we apply (30), (31), Holder inequality as well as Cauchy—Schwartz
inequality to obtain

r4(i/2) n—s i

k

n—s

nS

— X

(Zr) v
(fx)<Cs, f||Z< )
2(0) k=0
1/n 1/n S
X/ / o <— +Zu,-> duy---duspp—s k(x)
n
i=1
r4(i/2)
<Cls, f||Z< z(x)>
s . 1—v/2r
S k l
X (Z " pn—s,k(x)>

— =X
k=0
1/n l/n s
n/ [ ( )
=1

"

— X
n—s
k=0

x duy - 'duspn—s,k(x)
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i n \TH2) :S X 2i 172
< C”5;¥f” <2—) < < - x) pn—s,k(x)>
parANCY) =0 78
n—s 1/n 1/n
% ns / . / 62r
(,;, < 0 o

2
k )
% (; + ZM’) duq - - ~dus) Pn—s.k(x))
i=1

Noticing ¢? (<) < ¢? (%) + 29 we get by (32), (9.5.10) ifi7], and 1 < 2¢2(x)
that

v/4r

n—s 1/n 1/n 5 k s 2
Z nS/ / 5nr - +Zui duy---dug pn—s,k(x)
k=0 0 0 ——
n—s 2r
k+s s
gc (@2 ( > + —> pn—s,k(x)
=0 n n
— k sL+s) s\
<C Z <§02 ( ) + + _) Pn—s,k(x)
n—s n n
k=0
n—s k
SCZ((PZ(XH- [1—2x | ‘T —x
=0 n S

k 2 s2+9\”
+ <_ _x) + : u ) pnfs,k(x)
S n

n—s k 2r k 4r 1

<CY ")+ (— —x) + ( —x) + =5 | Pas k()
=0 n—s n—s n

<Co¥ (x).

Therefore, using (9.5.10) in [7] again, we getfoE E,_
5@ | BE(fox) |

2r r+(i/2) 2 i/2
<CP W6 1Y (#) (q’ n(x)) o)
i=0

<Cn” 16,7 f |,

which proves (27).



L. Xie / Journal of Approximation Theory 137 (2005) 1-21 15

Nextwe prove (28). Lef @D e A.Cjoc. Itis known that there is a functiofi € C[O0, 1]
such thatG® = f. Following (9.4.3) in[7] we have

B®)(f,x) = ”("n—)B@’*”(G %)

n (n_s)' n—2r— s~2r+s
= Z Al/n < )pn 2r— Yk(-x) (33)

(n— 2r —s)!

where
2r+s .
—>2r+5 2r+s k+2r4+s—j
A1/n (I’l) Z( 1)j ( > G ( n .
For 1<k<n — 2r — s — 1, we have

k
A7,'G (n>‘< sup |G |

% <EX k+2nr+s
< I o* " F® o _
(k/n)yr =2 ((n —2r —s — k)/n)" ~"/?
Using the approach of Ditzigd@, pp. 281—-282], one can easily see thakfet 0 orn—2r —s

n2r+s

(34)

=2 ,
2 | AT GO) | <Cnr R Y g P |, (35)
and
; 2r -+ n—2r—s r7 v o (2r
n? | Ay, G (T) | <Cn" 2 @ VD || (36)

Combining (33)—(36), and using again Hdlder inequality and Lemma 32],inve have
forx € E,

ST V() | B (f,x) |
<CO” ') 1 0" ) o

n—2r—s

Z DPn—2r—s,k (X)
= (k+ D/ P —2r —s —k+1)/n)

<CO” @) 1 0¥V f @) oo

n—2r—s 1-v/2r
> Z pn—Zr—s,k(x)
(k+1)/n)" (n—2r—s—k+1)/n)

k=0
<COZ @) 1 07" P oo

n—2r—s
Pn—2r—s,k(X) Pn—2r—s,k(X) >
+
X( ,;, <<(k+1>/n>’ (1 —2r—s—k+ D/ )
<C ” (p2r7vf(2r) ”OO <C ” 5’211‘—Vf(2}’) ”OO

1-v/2r
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By (33), the first inequality in (34), ané¢@ ) = £ we get forx € E¢
@) | BE(fox) | <Cnm PR fO) Yo <C NG P oo
which implies the assertion of Lemma 3.10]
Lemma3.2.1fr € N,0 < < 2r,0<r< g andrt < x < 1—rt,then
/t/2 . ~/t/2 5"_ﬁ (x + iu,) dui---duy, <Ct2r5n_ﬂ(x). (37)
—t/2 —1/2 i=1

Proof. Following [12, pp. 310-311] and using Holder inequality we can deduce (37)
easily. O

Proof of Theorem 3. Following (27), (28) and (37), and using the same method in [9, pp.
164-166] or [10, pp. 380—381], we can prove Theorem 3. We should omit the defalls.

4. Equivalent result

Inthis final section, we discuss briefly the equivalent problem on pointwise approximation
by these combinations of Bernstein operators with respeat(zp’(cof, t) whenr>2 and
0</ < 1-1/r, and obtain the following direct and equivalent results.

Theorem 4. Letr € N, r>2,0<A < 1—1/randJ = max{j:ri—2r+ j<0,j
<2r — 1}. Thenforallf € C[0, 1]andn € N withn>G, we have

J

'Bﬂﬁ"x)—f@)H§C<§:<f<ﬁcz%ﬂinuﬁuj

i=r+1

+ 02 (fn 2 @) ) 4T ¥ A | f ||) :

where G is a positive constant.

Theorem 5. Letr € N, r>2,0<4 < 1—1/rand0 < o < &1 Then for all
f€Cl0,1]

Balfor) = () = 0 (0251 ) ) asn — oo
& o, (f.1) = 0 (") ast — +0.

The proof of Theorem 4 is similar to that of Theorem 2. And the proof of Theorem 5 is
similar to that of Theorem 1.
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Appendix A. The detailed proof of Eq. (17)

Forn>s andr <i < J, we define

Ti(fix)=4 @ L (sgnRyi(x)) A|Rn,(x)‘1/zf(x) for 0<x<1,
)'+l (Sgan t(x))A IR (x)‘l/zf(x) for % < xgl’

n,i

whereR, ;(x) = By (t —x)',r, x), and&ﬁf(x) S o(— 1)’<< )f(x + (i —k)t)

forO<x<1—1it andﬁif(x) = 0 otherwise.
NI/ .
For n > (2JM1/) and1<x<1, by (10) and (11)x +i | Ryi(x) ¥ <x +

Ji (o2 \ 1r 1
JM2 = Sx+JIMy" =55 < + 2 = 1. Following the definition above, we
have

T, ((z — ), x)

1 i . ‘ .
= —= (sgnR, (1)) ) (-1 ( ,i) (x4 G =0 Rui) 177 =)’

k=0
. )
=—5(sgan,i(x>),;)( 1)"( )(z—k)f | Ryi(x) |7/
1 .
=—5(sgan,i(x))|Rn,,-(x> |7/ kZ(;< 1)k< )(z—k)/
0, ] < ia
== _Rn,i(-x)v .] = ia
Ci,j (SONR,;i (X)) | Rui(x) [//1, >,

where we have used the fact

k _Jo j<i,
Z( 1)< >(_k)j {i!, =i

and

cl,_——Z( 1)"< )(z—k)f for j > i.
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J/ .
For n> (ZJle/r) “andl < x<1- 1, by (10) and (11)x — i | Ry(x) |V
1/r 1

n'/J

> 3 — 2 = 0. Following the definition

i 2i—2r 1/1
>x = My (S =) T s - Mg
above, we have

Th.i ((t — x)j, x)

—1)i+1 . .
= ) (SINR,.i (x)) Z( 1)"( )(x—(i—k) | Rui0) M7 =)’

(_ )1+1
(SUNR,..i (x)) Z( 1>k( )( 1/ = k)T | Rui(x) 7/}

(— 1)l+j+l i '
l—(sgan,<x>)|Rn,(x> |V Z( 1) ( )(l—k)f
’ k=0
0, Jj<i,
=1 —Ryi(x), j=i
Ci,j (SONRi (X)) | Rui(x) [T, j >,

where we have also used the fact above a@ng = “2 72 (1)t ( ) (i — k)’

for j > i.

Appendix B. The detailed proof of A, ((t —x)/,x) =0for j=1,...,J

For 1< j <r — 1, using (9), and the first lines in (17) and (19), we have

J

Ay (=07, %) =By (=0 rx) + 3 {Tn,,» (¢ =27.x)

i=r

+ Z Tnijyeejs (U -0, x)]

r<i<ji<ee<ji<J

=o+§{o+ > o}=o.

r<i<ji<e<jr<J

Forr < j<J, using (17) and (19), we have (note that, whiee: r the second sum does
not exist in the following Egs. (38) and (39), and whger= r, by the first line in (19),
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the second sum does not exist in the following Eq. (40).)

n(U—xVJ)EBM(U—xﬂJJ)+§5 njﬁt—n%x)
+ ) Tnsiija,ooe i ((t - x)/, x) (38)

r<i<ji<ee<jr<J

= Ry j(x) + i T (6 =)/, x)

i=r
J—r J—k J—k+1

+Z Z Z . Z Toija....jk ((t - x)j’ x) (39)

k=1 i=r j1=i+1 Jk=Jjk—1+1

=Ry (x) + XJ: T (=07, x)

i=r
j—r j—k j—k+1

" Z Z Z . Z Ti i,k ((t - x)j’ x) (40)

k=1i=r 1=i+1  jr=ji_1+1

= Ry (x) + X/j T (=07, %)

i=r

-1
+Z Z Thij ((I—X)J,x)
i=r ji1=i+1

j—2 j-1 J

DI anuz( x)j’x)

i=r j1=i+1ljo=j1+1
r+1 r+2 r+3 j-1 J

o 3D M SRS SR >

i=r pi=i+1jo=j1+1  jj—r—2=jj—r-3+1ljj—r-1=jj—r—2+1

XTn,i,jl,jz,..ujjfer’jj*V’l ((t — x)/, x)
T 41,042, j-2,j-1,) ((t —x)/, x) (41)
=Ry j(x)+ Ty, <(t —x), x)
j-1 =
S S} TR
e i=r
j=2 j-1

+Z Z Toij ((f—x)j,x)

i=r j1=i+1
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-2 j-1
Z Z Thijr,j ((t—x)j,x)
i=
Jj— j— j— )
i S faa (o)
i=r p=i+1 jr=j+1

r+1 r+42 r+3

e Yy
i=r j1=i+1 jo=j1+1
j—1

XX Tuijujaeira ((f -7, X)

Jj—r—2=Jjj—r-3+1

F T4 Lr42,... j—2, -1, ((l - X)j, X> (42)
j—1
=Ry, j(¥) = Ry j () + > Ci j (SINR.; (x)) | Ry (x) |/
i=r
j—1
— > Cij (SINR, i (x)) | Ryi(x) /!
i=r
j—2 j-1
+D 0 > Cijj (SINRi (1)) | Rui(x) P/*
i=r j1=i+1
j—2 j-1
=Y Y Cij (SUNR; (X)) | Ruix) |1
i=r j1=i+1

j=3 j-2  j-1
3 D0 D Cira (SINRL(0) | Ruix) PV
i=r j1=i+1jo=j+1
r+1 r+42 r+3
i=r j1=i+1 jo=j1+1
i1
X Z Cij1,j2ejjor—22i (SgNR,,,i (x)) |Ry i ()]
Jj—r—2=Jjj—r—3+1

—0. (43)

In the equalities above, Eq. (38) follows from the definitiomgf Eq. (39) follows from
the definition of the second sum in Eq. (38), and Eq. (40) is obtained using the first line of
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(17) and (19). Eq. (41) is the detailed representatio[ég in Eq. (40), where we note
that

r r+1 J

Z Z Z T jtsjjor ((l - x)j,x) =Tn.rr+1.....j ((l - x)f,x),

i=r =i+l A/.jfr: jfrfl""l

In Eq. (42), whenj; = j — 1 we only have <j — 2, whenj, = j — 1 we only have
j1<j —2andi <j — 3, and we can deduced the rest by analogy. Eq. (43) is obtained using
the second and third lines in (17) and (19).
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